i
[ S'HS |

SYDNEY BOYS HIGH SCHOOL
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2016

HIGHER SCHOOL CERTIFICATE

ASSESSMENT TASK #3

Mathematics

General Instructions

Reading Time — 5 Minutes
Working time — 2 hours

Write using black pen. Pencil may
be used for diagrams.

Board approved calculators may be
used.

In Section Il answer each of
Questions 8 — 13 in a separate
booklet. Multiple choice questions
(Section 1) are to be answered on the
answer sheet provided.

All necessary working should be
shown in every question, except
multiple choice.

Section |

Total Marks — 81

Pages 2 - 4

7 Marks

Attempt questions 1 — 7.

Allow about 10 minutes for this
section.

Section Il Pages5-10
74 Marks

Attempt questions 8 — 13.

Allow about 1 hour and fifty
minutes for this section.

Unless otherwise directed give your
answers in simplest exact form.

Examiner: A.M.Gainford



Section |
Multiple Choice

ANSWER ON THE ANSWER SHEET PROVIDED

In Questions 1 to 7 indicate which of the answers A, B, C, or D is the most correct
answer. Write the letter corresponding to the answer on the answer sheet supplied.

Question 1

/5/ /

The value of a in the diagram above is:

A: 11
B: 12
C: 123
D: 13

Question 2

The values of x for which the graph is increasing are:
}.‘

iﬁj

&&Lh\a-ﬁmwa

A X<-2 B: -2<x<1

C: x>1 D: All of the above.



Question 3

If logx=a, and logy =b then an expression for log (%] is:
y
a
A: —
Jb
B: 2
2b
C: a—E
2
D a—-2b

Question 4

The mid-point of the interval joining P(-5,-3) and Q(2,-1) is:

Question 5

If e*** =e®** then x is equal to:

A: —§
3
B: 5
C: -5
_5
D: e s



Question 6

The graph of y = f (x) is shown below. f(x) could be equal to:

N

Question 7

-6 4 2
o4
4+
-6 +

\

cosec(—x) B:

COS X D:

sec(—x)

cot x

The area between the curves y=2x and y = 6x— x> is given by:

A:

v
(x2+4x) dx B:
JO
~4
(x2—4x)dx D:
J 0

rd

J 0

r4

J 0

(-x° —4) dx

(4x—x2)dx
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Section |1

Question 8 (12 marks) Start a NEW booklet

(@) Differentiate the following:

Q) y = C0Ss 3X

(i) y = 2tan® x

i)  y=e

(iv) y=x(Inx-1)

S

(b)  Find

(i) cos(—x) dx

(i)

(iii) sec” 3x dx

1

(c)  Evaluate j 2e*t dx

.

2



Question 9 (11 marks) Start a NEW booklet

(@ A(0,4) and B(-3,0) are points in the number plane. The line through A
perpendicular to AB meets the x-axis at C.

(1 Sketch the figure on a number plane in your answer booklet.

(i) Show that the equation of the line AC is 3x+4y-16=0.

(iii) Find the coordinates of C.

(iv) Find the area of the triangle ABC.

(v)  Thepoint D(0, a) lies on the y-axis below the point A. Find the
coordinates of D if it is 4 units from AC.

(b) y

- ;

The sketch shows the curves f(x)=cosx and g(x)=sinx.

Q) Find the x-values where the curves intersect in 0<x<2rx.

(i) Find the area enclosed by the curves in the interval between the intersection
points on the graph above.



Question 10 (13 Marks) Start a NEW booklet

Given the function y=———:
(a‘) y X2 —X— 2

Q) Find the domain of the function.

(i) Find the stationary point of the function.

i Find lim :
(i) xom X2 — X — 2

(iv) Hence, sketch yzz;.
X“=X-2

T

(b) Evaluate JGCOS 2x dx.

0

(¢) Consider the curve y = Xx* +x? —2x:

(i)  Find the x-intercepts of y = x* + x* — 2x.

(i) Find the area bounded by the curve and the x-axis.

(d) (1 Sketch the graph of y =secx, —% <X <% and shade the area bounded by

the curve, the y-axis, the x-axis, and the line x = %

(i) Find the volume generated by rotating the shaded region about the x-axis.



Question 11 (13 Marks) Start a NEW booklet

log, x

(@)  Consider the function y =
X

Q) Find the derivative.

(i) Hence find the maximum value of log, x
X

and justify your answer.

(b)  Given the function y =x*-2x*-1:
() Find the co-ordinates of the stationary points, and determine their nature.
(i) Find the co-ordinates of any points of inflexion.

(iii) Sketch the curve, showing the above features.

(c)  Use the trapezoidal rule (with five function values) to find an approximation to
the following integral:
3
J 2" dx
-1



Question 12 (12 Marks) Start a NEW booklet

(@  Abody is moving in a straight line so that its displacement from then origin (x
metres) after t seconds is given by:

50(t-3)

X =
et

0] Find its velocity after t seconds.
(i) Find its initial position.
(iii)  Find the greatest positive displacement.

(iv)  Find the body’s maximum speed.

(b)

D C

The figure ABCD is a rectangle and AE L BD .
AE =5cmand DE =2 cm.

Q) Copy the diagram to your answer booklet, and prove that triangles AED
and BCD are similar.

(i)  Hence show that AD* = BD.DE .

(iii)  Find the area of ABCD.

-10 -



Question 13 (13 Marks) Start a NEW booklet

@) Two particles, P and Q, are moving along a horizontal line. At any time t seconds the
position of P is given by x = e'and the position of Q is given by x=1+6e™".

The diagram below shows the position x (metres) of particle P at any time t.

M As time increases indefinitely, what position does Q approach? 1
(i)  Copy the graph to your answer booklet, and sketch the graph of the position 2
of Q on the same diagram.
(iii)  Calculate the position where the two particles meet. 2
(iv)  Explain why P and Q will never travel at the same velocity. 2
(b) A trough of length 1 metre and depth h metres is to be constructed out of stainless
steel sheeting. The cross section of the trough, shown below, is an isosceles
trapezium. The width of the bottom of the trough is a metres, and the area of the
cross section is 60 m2,
45° ! 45°
I
;N
I
I
a
()  Show that azﬁ_:—h. 2
(i)  Show that the total area of stainless steel is A= 6—: —h+2+/2h+120. 2
(iii)  Find the depth, to nearest mm, for minimum area of stainless steel. 2

This is the end of the paper.

-11 -
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SYDNEY BOYS HIGH SCHOOL

MOORE PARK, SURRY HILLS

2016
Year 12

Assessment Task 3

Mathematics 2U

Suggested Solutions

Markers’ Comments

QUESTION Marker
1-7 -
8-9 PB
10-11 JWC
12 -13 JM
Multiple Choice Answers
1. C 5. B
2. D 6. B
3. C 7. D
4. D
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Multiple Choice

ANSWER ON THE ANSWER SHEET PROVIDED

In Questions 1 to 7 indicate which of the answers A, B, C, or D is the most correct
answer. Write the letter corresponding to the answer on the answer sheet supplied.

Question 1 7 1 :___5_
& 9
SCL:é’%

-
1l
Jilee

/ 5/- /

1
The value of @ in the diagram above is:
A 11
B: 12
D: 13
Question 2.
The values of x for which the graph is increasing are: 0 ‘, 1
¥ HRAUAY
1 D ooy %03
e i
ey ahuon ifrasn f‘ﬁ
44
-4 -2 ol 2 4
A4
-6+
8+
-10+
A x<-2 B: —2<x<l]

C: x>1 @ All of the above, -

2.




Question 3

If logx=a, and logy =5 then an expression for loo(

Question 4-

The mid-point of the interval joining P (=5.-3) and 0(2,-1) is:

Question 5

If e:c-i-d- =¢

A:

D:

*! then x is equal to:

T)

N

2b - a/-—-[?_
-t 7
a—2b

B )
458 Io’}}‘@ Same 1@/ :
-2 Lﬁz’l’@ iﬂdiw
VT
h=Y




Question 6

The graph of y = f(x) is shown below. f(x) could be equal to: 1

\
]

v f
A: cosec(—x) @ sec(—x) = S (@\ﬂ%ﬂ}ﬁ“>

?;( COS X" )3’ cotx

Question 7
—— TTTree—— e Vv and_u— 6_x x IS Ulven by L. . 71
w%ﬁ,_
Erratum 2U Muluple Choice- _
Question 7
\\ The area between the curves y = 2x and y=6x-x’is given by:

A: f(x2+4x)dx | B: E(-xz—:;) dx

C: f(f -4x)dx @ | f(atx-xz)dx
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QUESTION 10

(

5 T e e
(ac-2) € x+)

5: WEW K£EZ, Ner

1/ Foronly x=2 and x»-1

aii)
. . 2 2 _'
|‘|\ \j: LX—I*QB
% i r(xlrxﬁz)"’”(z:c—':‘
= e Tl )
(13.1—23L
j'-——o 2 x =
: X = ‘./z.
S [ey | raf -
g 1+lel- /)
] T S / :
p— |
A SR S ( '-”2’ _./C-';}

% For correct differentiation or the x-coordinate

iD)
L \J [Lan :
Jﬁ 1 r _)C —_—
& aht 3‘-—//1 = Lk 3
O
| —O—2
s )
aiv)

=

1 mark for correct graph and % for partially correct
% clearly marked asymptotes and y-intercept

% clearly marked stationary point

bi)
b)
D)
(E CoSZx AKX
=
T/
= [‘l‘ <A 21] 2
i o

1 mark for correct integration

1 mark answer

ci)
ot ? = X U e W
L
g ORI E )
T,

Y= x(2x+2) (x-1)

“
- =

Y=dbe =0, 1,

Students need to remember x can be zero as well.
Students should not use the quadratic formula to find the
x-intercepts for this function.

cii)

It will be helpful for student to graph the function in
order to understand the area.

¥

3 2
y=y oyt =2

g




A

0
Jop
4
| o

Y

}/ mark for either part of the areas 8 or S
2 3 12

di)

L0

o/
y - /g
- T L[tg_n x !
o
- mn( (-0 )
3

1 mark asymptotes at x = —g and x :%
dii)
1 mark for the correct integration

% for not multiplying volume by =

n 0 . |
"47! bd ex - 2xdx +} _(;( 3+)( L 2xdx |
F



QUESTION 11
Ira 3¢ u
i) \_Lj- X v
(i’ x -J{) — [nx (1)

1 mark for correctly applying quotient rule
1 mark for the correct answer

ii)
) :jr.: )Lz(,%)f (|-1Ax )2
x4
= —x -2x42xInXx
x‘-f
y' = —3xtr2xlnx
. _
\j‘:o | N X =O
- o
_F’u(e) T L o ol
64

] |
U ormveanx valuwe (S /(‘3

The maximum is the y-value of the max TP.
1 mark for correctly showing the it is a max TP when
X=e

bi)

4 3 \
\D)tj.:'?c ‘_2)C" -5

) e ot ‘OI-L
=gy S Vi

'A

VS _ e (ALK
_C“( 3%3_\ Qo> O

[ 9%,

—'lit/mc, )

. N T

% mark for the correct differentiation

1 mark correctly showing that this is a minimum TP

Pl ot €1, -2)

L S

Students must check concavity for Points of Inflexion.
They must state that there is a change of concavity
therefore POI. In fact, (0,-1) is a horizontal POI since

y=y =0

biii)
"
i
i
4]
2 -
i } t o 'l t =t X
v Intercept r g
Point of Horwomal Inflection N
(0.-1) 1 Local Minimum
24
Poni of Inflection & 27 16
(1.-2) 1
=
= e O | J 2 =
=2 2C |_ ‘./)7_ ] I_ 2 I . s

I
N)—
P

1 mark: the height between each interval is 1 unit
1 mark for 22.5
1 mark for the correct answer



(&) X=50(%-3)
: et
() /dx =\ v= ¢* 50 - 50(f -3\ ¢"
A\dt ) (e*)*
= 50et - 5ptef +150¢t
eZ‘b
=z 200e’° - 50tet
el
= 50ef (4 -t)
_ezt
= 50 (4-t) | {2]
e.t L J
(1) mlha\ nosmon (£=0):
X = 50(0 3)
e’
-150
initially Yhe bodu 1S_ 150 _metres 1o
e left of the Origin. 0]

i) _qreatest positive displacement (v=0)

‘- 7

50(4 -+) =0
. Q,t

H-t =0

t=4 sewnds

when t=4: o= 50(4-23)

e'+

= 50 metres 2

—
e

Q’-t

(2 0.9153% m)

N



(W) maximum Speed [dv =\ a=0:
| \dt )

a= ¢° -50 - 650(4-t). et

(‘e'f.)l
= -50e®-200e* 4+ 50tet
elt '
= -250e* + 50t et
o 2t
= 50et(+ -5)
o 2*
= 50 (£ -5)
e‘t
when a=0: 50&-5) =0
_p‘t
t~-5%5 =0
t =5 geconds
when £25: v= 50(4-5)
| i
= -K0
e’
speed = || )
=50 lrmeJ_rresI second after
e’S
5 seonds. \;ﬂJ

Comments:

This question was poorly answered. Common mistakes where that students:

« differentiated incorrectly in parts (i) and (iv).

 and the incorrect substitution of values.




o~

C

(-

+ AE 1 RD AE=5c¢m and DE=2 cm.

« ARCD :s a reemngle

In_AAED and ABCD:

L AED =L BCD (= 90°, given)

- LCBRD=/LDEA

(alternate angles AD\‘\‘BCX

L ARED ||| ARco  (equiangular) (2]

(iiy AD

"

DE  (ratio of COrreSpondma
AD

5D

are equal).

sides in Similar Jrhangle,,_sw _______________________

o
v

. AD® = BD _DE

(). Areaq:
AD'L - R 4 ')_7.

AD =29

AE = D
DC A

n
S
'Qi

0C

5 2

1
J
<
>
-]

YRR




. Area.. = AD XDC
L€ 5

P - 199 x BJ2q
2
= 145
2
=32.5 un* (2]

Comments:

This question was poorly answered. Common mistakes where that:

» many students did not write the appropriate reasons for proving that the

two triangle were similar (in part (1)).
students used the wrong side to calculate the ratios of the sides to obtain

the area of the rectangle.




Question 13
(a) P x-=¢et
O A=l+ et
() AS t>eo B: o= 146 (b =20\
e°  Neo )
= 1+0 -
= | _I
S > Im 1o the right of the Origin.
iy % AP |
- / Comments:
! / Students needed to
/ show that the particle
| )< approaches 1 when t
- approaches infinity.
l \9)(\9{_:[)
0 t [2]

(iy__Particles meet when P=Q
et = 1 4 Get
et = ety b
e'l‘c _e’c _6 = 0
(e*-23)(e*42)=0
Sot=1n3 as_ Infl >0
when t=1n3: o =¢e">
=%

. Pand & meet at

A= 3 mefres (2]

Comments:

Common mistake in this part was ma

de by incorrectly factorising the

quadratic.



(V) Parhcle P._has a_posifive Qradlen’r

> posm\m VQIO(;H'u

(mono’romc mweasma\

Parﬂc\e &,has a neaa‘rwe, arad‘en’r

= neaahve veloctJru

(monotonic decre aSma\ """

AS P and & are strictly increasing

and decreasing the vePocities are ”

 pever eaLua\ [2]
(b) X > X
\,_‘_50 4 H 45/
N -/
\_h -/
N\ A
N o v
(Let b= 2a+a) =
tan 45 = b A=kl m?
x
. X=2h
Hence b = 0 +2h
() _A=1h({a+bh)
) !
60=_%h (0 +(a+2h))
60= h (20 + 2h)
2
O = oah th?
oh = 60 - h?
0= L0 - h [2]
- .
Comments:

Very poorly answered.




(i) A (2x60 + 2xh + a) %)

=0 - h +2J2 h + 120 [2]
h
iy dA = 212 =1 - L0h™*
- dh |
= Z\ri ~1 = 6O
h')-
stationary value  when dA =0
| - adh
22 -1 - 60 =0
hl
0 - Z\Fl~|
h’L
ht = 60
2ﬁ~\ _
h = 3
| _\J2F-t
(h >0 as his a measure of depth.)
. h =5.32% m
d*A = 120h73
dht
= 120
h
when h 5328  d*A = 120
| dh? (5 198
= 0.6385 (>0)
_Mminimum_Nalue when h=5%2% mm:
(= 5.3728%8 m)
[2]

Comments:

Students needed to show that the value was indeed a minimum value at h.
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